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BERNOULLI MAPS OF THE INTERVAL 

BY 

RUFUS BOWEN* 

A B S T R A C T  

The ergodic properties of expanding piecewise C: maps of the interval are 
studied. It is shown that such a map is Bernoulli if it is weak-mixing. Conditions 
are given that imply weak-mixing (and hence Bernoulliness). 

Suppose  that  f :  [0, 1]--~ [0, 1] is a piecewise C 2 function,  i.e., there  is a finite 

part i t ion 0 = a,,< a, < �9 �9 �9 < a, = 1 so that each f ! (a,, a,~,) extends  to a C 2 

function on [ a , a ~ , ] .  If A = i n f , , ( x ~ l f ' ( x ) l >  1, then Laso ta  and Y o r k e  [6] 

showed that f possesses a smoo th  invariant  probabi l i ty  measure  #. This means  

that IX (E) = [F p (x) dx where  p E L~ and that  IX (f- ' E )  = IX (E)  for  all Borel  sets 

E. In this pape r  we study the ergodic  proper t ies  of such a /.1.. 

THEOREM 1. Let f be a piecewise C 2 map of [0, 1], A = inf, . . . .  , I f ' (x  )l > 1, and 

IX be a smooth f-invariant probability measure. If (f, tz ) is weak-mixing, then the 

natural extension of (f, Ix) is Bernoulli. 

THEOREM 2. With f and Ix as before, (f, Ix) will be weak-mixing if one of the 

following holds : 

(a) sup ,> ,~ ix ( f "U)=  1 for all nonempty open intervals U with I X ( U ) > 0 ,  

(b) r = 2  a n d A > ~ / 2 ,  

(c) A > 2 and condition (a) holds for the sets U = (a i, a~+,), 1 <= j <= r -  2. 

These  results are along the lines of n u m e r o u s  previous  papers  on maps  of the 

interval [1, 6, 7, 9, 11, 12, 15, 18, 19]. The  si tuation is ana logous  to that  for 

Anosov- l ike  examples  in dynamical  sys tems [2, 3, 5, 8, 10, 13, 14] in that  a 

topological  condit ion implies weak-mix ing  and this in turn yields Bernoull iness.  

Our  proofs  in fact are mostly just t ranslat ions of these papers  in dynamica l  

systems into the language of mappings  of the interval.  

PRELIMINARIES. If ) and ~ are two par t i t ions  of [0, 1], we say ~ and ~ are 

e-independent if 
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D ( ~ ,  ~ )  = ~] I I z ( P n O ) - t z ( P ) # ( O ) l < e .  
P E ~ , Q E ~  

One defines new partitions ~ v ~  = { P A O :  P c ~ ,  O c t } ,  f - " ~ = { f - " P :  

P c ~}, and V.~_,.f-"~ = f - " 3  ~ v -. �9 v f-M~. A partition ~ is called weak- 
Bernoulli if V e > 0 :IN so that D ( V  ~ -" V,=k+Nf ~ ) < e  for a l lk=>0.  It 

is easy to show that it suffices to check this condition for all sufficiently large k. 

Through this paper ~ will always denote the partition ~ = {(0, a~), (a,, a:) , .  �9 

(a, ,, 1)}. Theorem 1 is proved by showing ~' is a weak-Bernoulli partition [4]. 

One sees inductively that V~,=of-"~ is a partition into intervals of length 

=< A-k. The condition A = inf~ ] f ' ( x ) [>  1 

f l  [a,, a,,,] is strictly monotonic. 

LEMMA 1. If A C Vk=of-"~, A # O, 

in particular implies that each 

and f t n { a o ,  a , , . . . , a , } = O ,  then 

PROOF. Let A = n,k=0f "(a,., a,.+O. Then A = (a~,, a~,+,)n [- 'B where B = 

nk.=,/-"+'(a~., a~.+,). To show fA  = B it is enough to see that f(a~, a~+,)D B. 

Now f maps (as, a~,+,) monotonically onto an open interval which intersects B 

(as A ~ Q). Unless f(a~,, a,,. ,)D B we must have /3 n {f(aO, f(a~+,)}~ 0 and 

also B n f(a~,, a~,.~)n {f(aO, f(a~,.,)} ~ f~. It follows that either a~, or a~+, is in 
fi.. [] 

LEMMA 2. Given a > 0, for N sufficiently large, there is a collection of atoms 
.ffNCV~.=of-"~ so that / z ( U ~ / N ) > l - a  and p(x) /p(y)C[e-" ,e  ~] for 
x, y C A  C,~IN. 

PROOF. This proof depends on the fact that p(x) is a function of bounded 

variation [6]. Consider the following exhaustive list of possibilities for an atom 

A ~ v.'_,,f-"~,. 
(i) p(x)=> c~/2 for all x C A and p ( y ) >  e"p(z) for some y ,z  C A. 

(ii) p(x)<-_a/2 a n d p ( y ) > - 3 a / 4  for some x, y C A .  

(iii) p(x)<3cr/4 for all x C A .  

(iv) p(x)>-~/2 for all x C A  and p ( y ) < e " p ( z )  for all y, z C A .  

Let K = lip I1~ + total variation of p(x) on [0, 1]. The variation of p(x) over an a 

satisfying (i) or (ii) is at least Y = min{( e~ - 1)a/2, a/4}. The total number of 

such atoms A is at most K7- '  and the to ta l /z-measure  of such atoms at most 

K:T-~A N. The total/ . t-measure of all atoms satisfying (iii) is at most 3a/4. For N 

large one has that the measure of the atoms satisfying (iv) is at least 1 - a. [] 

LEMMA 3. Given fl > O, there is an M = M (~ ) so that for each m >= O one can 
find a collection of atoms ~ = ~,,+M C V."_-+~f-"~ with 



Vol. 28, 1977 BERNOULLI MAPS 163 

(i) f " B  ~ V ~=o f - " ~  for B E ~,  
m - 

~,q B}f _~ e" (ii) ~ - ~ C  ] for B C B, BEGS,  and 
I.t(B) I~(f"B) L~ ' 

(iii) /x(U ~ ) >  1- /3 .  

PROOF. By Lemma 1 and induction on m, (i) will hold for B unless at least 

- - -  f "  ~B intersects {a0," , a,}. Now f kB  lies in an atom one of the sets B, f B , . . . ,  ." 
M+m-k r of V .=o s , as these atoms have measure at most KA-tM*" k) and at most 2r 

of them are adjacent to an a,  the total/~-measure of all B's  in V 7-+oMf-"~ with 

fkB f) {a,,, �9 �9 a.} # Q is at most 2rKA -(M+,.-k) (using that ~ is f-invariant). Thus 

the B's  for which (i) holds have total measure at least 

\{ 2rKhl - A-1M) i - ~ 2rKA-M~"+k > 1 - 
k ~ O  

This is greater than 1 -  l/3 for M large. 

For /3 CB the change of variables formula gives us (fro I B is one-to-one) 

~(fm/~)= f p ( y ) d y  = f p ( f " x ) , ( f " ) ' ( x ) ,  dx 
f~B 

t p(x) 

Since / is piecewise C 2 and ;t = inf I/ '(x)l > 1, we can find a constant d so that 

/ - ~  I E [e -dl" Ol, edl,-ol] when u, v E [a,,a,.,]. 
f ' (v)  

Then for u, v E B C V ~'_-+o~f-"~ we have [fku - f%[<= A -"+M k) and 

(f") '(U) ed. ~ M l 

where d*h T M  = dET_,,A " J = d A - M / ( 1 -  )~-1). On the other hand, by Lemma 

2, for M large the functions p(x)  and p ( f " x )  will each vary by at most a 

multiplicative factor in [e -~/3, e ~/3] as x runs over B, except when either B or 

f " B  is in certain sets of atoms, each of total measure/3/3. Except therefore for a 

set ~ c of atoms B with total measure less than/3, one will have that (i) holds and 

that the function p( f "x ) [ ( f " ) ' ( x ) l / p (x )  differs from a constant by a factor in 

[e 8, cO]. This implies (ii). [] 

PROOF OF THEOREM 2. One calls the endomorphism (f,/z) weak-mixing 

provided its natural extension (~/2) is [12]. We claim this is equivalent to the 
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following condi t ion:  wheneve r  F is a bounded  measu rab le  funct ion on [0, 1] and 

~- E C satisfies 

F([x)=rF(x)  for  #x-a.e .x,  

then F i s / z -equ iva len t  to a constant .  No te  that  l r l  = 1 because  [ p rese rves  #x. It 

is well known that  this nonexis tence  of noncons tan t  e igenfunct ions  is equivalent  

to weak-mix ing  in the invert ible case. Now the opera to r s  Us on L2(#~) def ined by 

UtF(x) = F([x) and Ur on L2(fi) are re la ted as follows [12]: there  is a closed 

subspace  H C L2(fi) so that  Ur(H) CH, Ur]H is i somorphic  to U s on L2(p.) and 

L2(/~) = ~,-J~=o Uf "H.  If F E L2(/~) satisfies U~F = rF, this gives an F E  H with 

Ur = rF. On the o ther  hand,  suppose  i ~ E L_,(/2) satisfies UtF = rF. For  each 

e > 0 ,  choose G C U t - " H ,  some  n, with IIG-PlI2<~. Then  i f '=  

u "  ( P -  G)17 ~ + U~ I'~", II P -  U"GI r" 112 < ~ and U"G I~-" ~ H. Let t ing e. -+ 0, 

l~E  H and so there  is an F ~  L2(lx) with UtF= F. Thus  one sees that  

weak-mix ing  for (f, #x) is equivalent  to the nonexis tence  of noncons tan t  eigen- 

funct ions  F for  Ur, as c la imed above.  

Choose  M = M(/3)  as in L e m m a  3 for /3 > 0. Then  for  each m ~ 0 let %o be the 

collection of a toms  C E V ' ,_ , , f - "~  so that  at least 1 -  ~ / ~  (in te rms  of Iz- 

measu re )  of the a toms  B E V'~*_~f "~ with fmB C C satisfy B E ~.~.~.  Then  

/z ( U (8,,) _>- 1 - X/~. O n e  can pick C with tz (C)  > 0 and mk ~ ~ so that  C @ ~,,~ 

for  all k. 

For  any 6 > 0  there  is a compac t  set K with F I  K cont inuous  and / x ( K ) >  

1 - (1 - X//3)6tz (C).  For  at least one a tom B E N,,~+~ with ]"~B = C one must  

have  /x(B f"l K ' ) _ -  < 6/z(B).  Choose  k large enough so that  

x, y E K ,  I x - y l < , ~  ~'~ ~ IV(x)-  F(y)I < ~. 

Then  F varies by at most  6 on B N K, and so F varies by at most  6 on 

f ~ ( B  M K) (as ]r[  = 1). Now f"~*B = C and (by L e m m a  3) 

#(fm~(B VI K~))<= tz(C)#(B M K~) e ~ <__ 6e~t~(C)" 
~,(B) 

Thus  F varies by at most  6 on a subset  of C of measu re  _-> ( 1 - 6 e ~  

Let t ing  6 ~ 0 we have that  F is constant  /z-a.e. on C. 

The  above  a rgumen t  worked  for all C in the family 

M 

~(/3)  = { C ~  V f " ~ :  C E  ~,, for  infinitely many  m >0}.  
n = 0  

Now ~ ((-8 (/3))=> t - X/~ since ,~ ( ~ , , ) >  1 - X/~. Le t t ing /3  ~ 0 we see that  there  
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is a countable collection 5~ = {L, 12," "} of disjoint open intervals so that F is 

if-equivalent to a constant on each/j ,  each Ij is an atom of some V~L0f-"~, and 

i f ( U / j ) =  1. Now F is /z-equivalent to a constant on f"Ij; because of the 

equation F(f"x)= 7"F(x) /z-a .e .x .  Part (a) of Theorem 2 is now clear. 

Now '7 n = 1 for some n > 0; otherwise I~, f-~Ij, f-2Ij,.., would be /z-disjoint 

sets with equal positive measure. By lemma 2.8 of [7] there is a set Jl, �9 �9 ", J,, of 

disjoint closed intervals so that p ( x ) > 0  for Lebesgue a.e. x ~ U?-lJ~ and 

p ( x ) =  0 for Lebesgue a.e. x ~ UT_~J~. Call an open interval U ~z-positive if 

p ( x ) > 0  for Lebesgue a.e. x E U. For c C R call U a maximal c-interval if 

(i) U is a /z-positive open interval, 

(ii) F(x)=c for a.e. x E  U, and 

(iii) if V D U satisfies (i) and (ii), then V = U. 

Because of the properties of the Ij's and Z's, for each c E R the set {x E 

[0,1]: F ( x ) =  c} is /z-equivalent to the union of the (countable) family of 

maximal c-intervals. 

Let c be the essentially constant value of F on L, and let U1, U 2 , - "  be the 

maximal c-intervals. We may assume that length U~ => length Uk for all k. 

Now assume condition (c) holds. If U is a/z-positive open interval then either 

(i) UD(a,,a~.,) for some i ~ [ 1 , r - 2 ] ,  or 

(ii) f(U) contains a #-posit ive open interval V with length V > length U. 

For if (i) does not hold either f l U is monotonic or U = /]1 U/]2 with f [ / ] l ,  

f l /]2 both monotonic; one of /]~, U2 is longer and f expands lengths by at least 

A > 2 ;  f(U) is /z-positive because g is f-invariant. Define intervals 

Wo, W , . . . ,  Wn inductively by W0 = UI; W~.~ = V when Wj satisfies (ii). If any 

W~ satisfied (i) (so the definition of W, did not work), then sup.>,,i.t(f"U~)= 1 
and F is equivalent to a constant. Now F(W,)= c since r" = 1 and IV, is a 

/z-positive open interval with bigger length than Wo = U ,  This is a 

con t rad ic t ion- - so  in fact some W~ satisfied (i) above. 

Assume now condition (b), i.e., r = 2 and 1 > ",/2. Now Li and Yorke [7] have 

shown in the case r = 2 that /z is ergodic for f. For n = 1 this gives F constant. 

Now define the intervals W, , . . . ,  IV, be letting W0 = U~ and Wi.1 = longest 

/z-positive open interval contained in fWj. As F(Wi) = cr i, these Wj's are disjoint. 

So at most one index jo has a l  Wh, . Here one has length Wi,,.l _-> A/2 length W~,. 

For all other j o n e  has length Wj~, => A length W, So length W,>-_A"/2 length W0 

which gives a contradiction for n _-> 2. [] 

PROOF OF THEOREM 1. If ~, ~ are collections of atoms of partitions ~, ~,  then 

D(~,  ~ )  _<- 2(2 - / x (  U 2~) - / z (  U ~ ) )  + D (..~, ~ ) .  
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Let /3 > 0  and choose M as in Lemma 3. N is a positive integer to be 

determined later. We will estimate 

m + M  2 m + 2 M + N  
: ') 
_<-2/3+D ~,,,*M, f " ~  �9 

n = r n  M + N  

For B E ~3,,+M and D E V 2"+2M§ -" has . . . .  M§ ;~, one 

m (") m 
tz(B n D)C #( f  'B f 'D) ,  o eOl 

I~(B) tz( f 'B)  [e , �9 

Using this and #( f "D)=/ z (D)  (as D is V:=, . f  "~  measurable), we see 

2 M + 2 r n + N  

D(~3m,., V f-"~) = ~ ~ I/z(B n D ) -  tz(B)~z(D)] 
n - M + m + N  B D 

<= ~ tz(B) ~ { tz(f"B-Q-Af--"D)- Iz(f"D) +(e"-1)/z0fmB--Q freD-) } 
. tz(fmB) tz( f 'B)  " 

2 M + m + N  - n ~  

= < ( e ~ - l ) + O  f--"~, f �9 
n 0 n =  + N  

Next we consider atoms ~:M+N C 2M+N . V.=0 f ~ of Lemma 3. Let ~'N be the 

collection of atoms E E V.M_of "~ such that E.N = E f3 t-J~2M§ satisfies 

/z(EN)_-- > (1 - ",//3)/x (E). Then /z(U g'N)> 1 - X//3. We now have 

2 M + N + m  

r,,,,,,,<--(2/3+e~-l)+2X//3+D(~,,,, V f-"~). 
n = M + N  

2 M + N + r a  - n  Since, for E ~ g'N and F running over V.=M+N f ~, one has 

Itt(E n F)-/z(#N f-1F)[-</z (E\EN)- < k//3/z (E) 
F 

and 

I ~z (/~N)~z ( F ) - / z  (E)#  (F)[ _-< I/z (/~N)- # (EN)I--< ~//3/z (E), 
F 

one sees 
2 M + N + m  

Y~.,,<=(2fl+e~ V f-"~). 
n = M §  

Consider now E E ~N, A E ~2u+N with A CE, and F E V2M+~ . . . .  
G E V 2M+N - "  n ,=M+Nf ~ . E i t h e r A  G = O o r A C G .  In the second case, wehave(by  

Lemma 3) fM*NA = fM+NG and 
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M+ N F IX(A n F) ~ t~q__'~fe_ ~ ,,~1 
IX(A) IX(fM'NG)' '~ J" 

Now IX(fM+NF)= IX(F) and IX(fM+NG)= IX(G) since the sets F and G are 

VT=M+Nf "~-measurab le .  Hence  

Ix (~N n F) = ~, IX (A n F) = 
A CEN 

where  I~'A I----< e~ - 1. Thus  

] Ix(f:~ n F ~ -  ~--LE)- Ix (~,, 
" IX(G) 

and so 

2 M + N + m  

D({/~N: E E g'N}, V f " ~ )  
n = M + N  

~" ff(F) IX(A)(I+~A) 
A C E e ~ , A C G  Ix(G) 

n G)I_-< (e ' - J ) ~  Ix(~,, n G), 

{( e~ 1 "if(F) (~.~nG)+ItL-~)-~(~.NnG)-~(~N).(F) } 
=< _ ) ~ ( G ) ~  ~(G)  EN, F 

<_-e~ ~ IIX(E~ N G)-/a,(E~)/z(G)I 
EN, O 

(- ) <--e~ +D v_,f"~, f-"~ , 
n n =  + N  

Summing up, we have 

yN.,, =< 2(/3 + e ~ - 1 + 3X//3) + D(~M,f-M+N~M) 

where  ~M M - ,  = V,=, , f  ~. Now the fact that (f, IX) is weak-mixing and ~M is a fixed 

part i t ion imply [17, p. 41] that one  can find a sequence  Nj- -*= with 

D(~M,f M'~'~M)---~0 as j - - - ~ .  Given e > 0  by choosing /3 very small and N 

appropr ia te ly  we have yN.,. < e for  atl m _-> 0. Thus  ~ is weak-Bernoul l i .  [ ]  

EXAMPLE 1. For  /3 > 1 the /3-transform fx =/3x (rood 1) is Bernoull i  by 

Theo rems  2(a) and 1. Let  U be an open  interval. Then  length f"U grows by a 

factor  of /3 until finally f"U D (0, a) for some a > 0. Then  f"+"U D (0,/3"a) 
until one  has f " + " U  D (0, 1). 

EXAMPLE 2_ Let  L be l inear on each of [0,~] and [�89 1] with L(0 )  = 0, L(�89 -- 1, 

fo(1) = a. This example  was p roposed  by Ulam [16] and shown to be ergodic by 

Li and Yorke  [7] when a < �89 When  a < 1 - X/2/2, T h e o r e m s  2(c) and 1 show L 

is Bernoull i .  For  a = .4 one  checks that  f~ maps each of the intervals [.4, .64] and 
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[.8, 1] into the other one, and that the remainder of [0, 1] contains only two 

nonwandering points (each fixed). Thus F ( x ) =  1 for x E[.4, .64],  - 1  for 

x E [.8, 1] and 0 otherwise defines a #-eigenfunction with ~- -- - 1. So f4 is not 

weak-mixing. 

Added in proof. Under considerably relaxed conditions on f near the a,'s, S. 

Wong can prove the existence of an invariant measure and M. Ratner the 

Bernoulli property. 
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